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Abstract

In this project we will be looking at tournaments on graphs and their win sequences. The main
purpose for a tournament is to determine a winner amongst a group of competitors. Usually
tournaments are played in an elimination style where the winner of a game advances and the
loser is knocked out the tournament. For the purpose of this project I will be focusing on Round
Robin Tournaments where all competitors get the opportunity to play against each other once.
This style of tournaments gives us a more real life perspective of a fair tournament. We will
model these Round Robin Tournaments on tournament graphs which are connected graphs with
directed edges. With a value placed on a win and loss, I will explore these conditions and look at
what can be said about the win sequences of these tournament graphs. With these conditions,
patterns were detected with small sized tournaments and were proved for all tournaments. Other
patterns still remain as conjectures.
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Introduction

This project will explore what it means to model real life tournaments on graphs and what
information can be drawn from their win sequences. This project was inspired by Christiane
Koffi’s senior project on Exploring a Generalized Partial Borda Count Voting System [3]. In her
conclusion she posed several questions about how to use properties of voting systems in tournaments. Her questions included: ”How do the score sequences of a tournament vary as we increase
the number of players.” and ”Is it possible to find a formula that counts all the possible N-player
tournaments?” From her questions I started to explore and focus on how real life tournaments,
where competitors are competing for a prize, can be modeled on graphs and what can be said
about the graphs.
A tournament is a series of contests between a number of competitors who compete for an
overall prize. We see tournaments occur all the time in sports such as basketball, chess, and
tennis. There is usually a predetermined pairing of opponents who play one another through
a process of elimination until there is a winner. Let us look at an example of that kind of
tournament. In F igure 0.0.1 we have the Lakewood Boys Basketball Tournament. There are four
competitors, the Scorpions, Cyclones, Rockets, and Black Crows. All the teams are competing
to win the same prize, which is being crowned champion. As we can see the teams are broken up
into predetermined pairings. In bracket 1 we have the Scorpions vs Cyclones and in bracket 2 we
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Figure 0.0.1. Basketball Tournament Bracket

have Rockets vs Black Crows. Moving forward into the tournament the Scorpions win and the
Cyclones are eliminated. The Rockets also win and the Black Crows are eliminated. The winners
proceed forward and face off against each other. Here the Scorpions come out undefeated and
take home the championship.

Figure 0.0.2. Basketball Tournament Graph
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Now we can begin to model what this specific tournament would look like on a graph. In
F igure 0.0.2 we could see how the Lakewood tournament looks like as a graph where the points
represent teams and the lines represent the teams advancing to the next round to face one
another. For example let us take a look at what that graph would look like. At the bottom of
the graph we have our 4 teams and at every step we see which team advances to the next round
and then finally at the 3rd round we see that Scorpions are the winners. This shows that we can
visually represent a tournament on a graph.
For this project I will be modeling Round Robin Tournaments which don’t use elimination,
which is a competition where all contestants play one another exactly once. This tournament
style allows for all competitors to compete against one another and test their skills against all
possible opponents.

Figure 0.0.3. Tournament Graph of K4

In F igure 0.0.3 we see how a Round Robin Tournament looks like as a graph. The points
on the graph represent teams and the directed line segments represents a game between any 2
teams. Here we have Teams H, I, J, and K. Every team faces off against one another and every
team is given a fair chance to face one another. For example, the directed edge with an arrow
going from Team I to H indicates a win for Team I. Notice that the arrow is point away from
Team I, so that is what a win looks like. The directed edge from Team G to I indicates a loss
for Team G. Notice that the arrow is pointing towards Team G, so that is what a loss looks
like. We will study and explore these graphs in my project. We will observe the restrictions on
forming these graphs and what patterns hold for all tournaments.
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In Chapter 1 we will introduce basic graph theory terminology that will serve as a framework

for this project. We will look at definitions and lemmas that will help inform us about tournament
graphs and their win sequences. In Chapter 2, we will take the graph theory terminology and
place it in the context of tournament graphs and their win sequences. In Chapter 3 we will
generalize conditions for tournament graphs to exist and explore the cases where a win for a
team earns you 1 point and a loss at 0. We will see if these properties and conditions hold for
higher orders of teams. Finally in Chapter 4 we will discuss future work that can be done with
different conditions set forth in Chapter 3. We will briefly introduce the option for allowing
a draw between teams and how the conditions and patterns hold or change. Where a draw is
allowed in tournament graphs, we will notice a difference between graphs and win sequences
where Win/Lose is an option and where Win/Lose/Draw is allowed.

1
Preliminaries

In this chapter we will define the basic graph theory terminology needed to understand
this project. For more details see Introduction to Graph Theory by Robin Wilson [1] and
Introduction to Graph Theory by Douglas B. West [2].

1.1 Basic Graph Theory Definitions
In this section we will define some basic graph theory terminology which includes definitions
and theorems that will serve as a framework for this project.
We start by looking at the graphs that we will be using as a framework for this project.
Definition 1.1.1. A Simple Graph G consist of a non-empty finite set V (G) of elements
called vertices and a finite set E(G) of distinct unordered pairs of distinct elements of V (G)
called edges. We call V (G) the vertex set and E(G) the edge set of G. An edge {v, w} is said
to join the vertices v and w and is usually abbreviated to vw.

4

Simple graphs can be visually represented. Let the vertex-set V (G) be {M, N, O, P } and edgeset E(G) consists of the edges {N M, M O, N O, OP }. A visual representation of these sets can
be seen in F igure 1.1.1. There is a more general definition of a graph. A general graph can
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Figure 1.1.1. A Simple Graph

involve multiple edges and loops but for the purpose of this project we will only consider simple
graphs.
Notice that the vertex-set V (G) can tell us more about the graph.
Definition 1.1.2. The order of a graph G, written n(G) is the number of vertices in G.

4

Example 1.1.3. If we take a look at F igure 1.1.1, we can see that n(G) = 4 since our vertex-set
V (G) = {m, n, o, p} and consists of 4 vertices.

♦

Looking at the vertex-set from the previous example, notice in F igure 1.1.1 that not all
vertices have the same number of edges connected to them. We can define what the number of
edges are connected to any vertex.
Definition 1.1.4. The degree of a vertex v in a graph G, written d(v) is the number of edges
incident to v.

4

Example 1.1.5. If we take a look at F igure 1.1.1, we can see that d(M ) = 2, d(O) = 3,
d(N ) = 2, and d(P ) = 1. These values follow because of the number of edges incident to each
vertex.

♦

With the degrees of all the vertices, notice that we can begin to arrange the degrees in some
order.
Definition 1.1.6. The Degree Sequence DG of a graph consists of the list of vertex degrees,
usually written in non-increasing order as (d(v1 ) ≥ .... ≥ d(vn )).

4
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Example 1.1.7. For example, the degree sequence of the graph in F igure 1.1.1 is (1, 2, 2, 3).
We took the degrees of all the vertices and rearranged them in non-increasing order.

♦

Now that we have defined a simple graph and characteristics of it. Notice that our simple
graph in F igure 1.1.1 did not have an edge between every vertices. If we allow for an edge
between any two vertices, that will create a new kind of simple graph.
Definition 1.1.8. A simple graph on n vertices in which each pair of distinct vertices are
adjacent is called a complete graph, denoted Kn .

4

Figure 1.1.2. Complete Graph on 4 vertices

The graph in F igure 1.1.2 is a visual representation of what a complete graph looks like on
4 vertices. Notice that there exists an edge between any two vertices.

1.2 Directed Graphs
In this section we consider a variation on the definition of a connected graph, where each edge
is given a particular direction, like a one-way street. This is what we will be studying in this
project.
Definition 1.2.1. A directed graph or digraph, D consists of non-empty finite vertex set
V (G) of elements called vertices and finite family E(G) or ordered pairs of elements of V (G)
called directed edges.

4

As with simple graphs, directed graphs can be modeled where the edge ab can be written
a → b , b ← a.
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Figure 1.2.1. Directed Graph

A visual representation of a directed graph can be found in F igure 1.2.1, with vertex set
V (D) = {R, M, N, O, P, Q} and edge set E(D)= {RM, M N, M P, N O, OM, OP, P Q} with the
ordering of the vertices of an edge indicated by an arrow. If we remove the arrows from the
graph we would have a simple graph.
Definition 1.2.2. Let v and w be vertices of a digraph D. The out-degree d+ (v) is the number
of edges of the form vw where there is a directed edge pointing away from v, v → w. The indegree d− (v) is the number of edges of the form wv, where there is a arrow pointing towards
v, v ← w. The degree of vertex v can be written as d(v) = (d+ (v), d− (v)).

4

Example 1.2.3. With the graph in F igure 1.2.1 we can figure out the out degree and in
degree of all the vertices. First we will focus on the out degree of all the vertices. We have that
d+ (R) = 1, d+ (M ) = 2, d+ (N ) = 1, d+ (O) = 2, d+ (P ) = 1, and d+ (Q) = 0. Notice that we
get these values from calculating the number of edges coming out the vertex where the arrow is
pointing away.
Now we can calculate the in degree of all the vertices. Thus we have d− (R) = 0, d− (M ) = 2,
d− (N ) = 1, d− (O) = 1, d− (P ) = 2, and d− (Q) = 1. We get these values from calculating the
number of edges coming out of the vertex where the arrow is pointing towards the vertex.

♦

Example 1.2.4. Notice what happens when we add up all the in-degrees and out-degrees of the
P
vertices. If we sum all of the out degrees for graph G we get that v∈V (G) d+ (v) = 1+2+1+2+1+
P
0 = 7 and we also get that the sum of the in degrees are v∈V (G) d− (v) = 0+2+1+1+2+1 = 7.
Also the number of edges in G, e(G) = 7. Notice that the graph in F igure 1.2.1 the number

1.2. DIRECTED GRAPHS
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of edges e is 7. When sum all the in-degrees of the vertices we get a total of 7. If we sum the
out-degrees of all the vertices we get a total of 7.

♦

Notice that the sum of the out-degrees, in-degrees, and edges equal one another.
Proposition 1.2.5. In a digraph G,

+
v∈V (G) d (v)

P

= e(G) =

−
v∈V (G) d (v),

P

where e(G) is

the number of edges of G.
Proof. Notice that on a directed graph, every edge has a direction. Thus each edge contributes
exactly 1 in-degree and 1 out-degree to all vertices. Since on every edge there exist an inP
+
degree we can say that
v∈V (G) d (v) = e(G). Similarly since on every edge there exist an
P
out-degree we can say that v∈V (G) d− (v) = e(G) Therefore we can conclude that in a digraph
P
P
G, v∈V (G) d+ (v) = e(G) = v∈V (G) d− (v)
Now that we established a foundation of the basic graph theory terminology needed for this
project,we will see how this information will inform the rest of this project and our exploration
of tournaments.
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2
Tournaments

2.1 Tournament Graphs
A tournament is a series of contests where competitors compete for an overall prize. Tournaments
occur in all kind of games and sports. This section will gather all our previous terms about Graph
Theory together and put them in the context of tournament graphs and their win sequences.
We start by identifying what a tournament graph is in relation to our previous definitions of
a complete graph and directed graph.

Definition 2.1.1. A Tournament Graph TG is a directed graph or digraph where any two
vertices on a graph are joined by exactly one edge. Note that tournament graphs are complete
graphs where each edge is a directed edge.

Figure 2.1.1. Tournament Graph on K4

4
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The graph in F igure 2.1.1 is a visual representation of a tournament graph. Between any two
vertices there exist exactly one directed edge.
Sometimes tournaments can be modeled differently where all the teams don’t play each other.
For example, the graph in F igure 2.1.2 represents a tournament that isn’t a complete graph.
There is not a directed edge between any two vertices. Looking at the graph, vertices T and S
only have one directed edge. For example notice that there doesn’t exist a directed edge between
vertices Q and S.

Figure 2.1.2. Unconnected Tournament Graph

In this project we focus on Round Robin Tournaments where every competitor plays each other
exactly once. In a tournament graph, vertices are called teams and edges represent games.
Example 2.1.2. In F igure 2.1.1 we have teams K, M, N , and L. Our edge set E(G) which
represents games is {M L, M N, LN, LK, KN, KM } consists of the edges with the ordering of
the vertices in an edge indicated by an arrow.

♦

Similar to a real life tournament, notice that there exist a winner and a loser in any tournament. We can now define what a win and lose are on a tournament graph.
Definition 2.1.3. Each out-degree represents a win for team v.

4

Example 2.1.4. Looking at the graph in F igure 2.1.1 we can count the wins for each team on
the tournament graph. Thus we get d+ (K) = 2, d+ (M ) = 2, d+ (N ) = 0, and d+ (L) = 2.

♦

Similarly with the wins, we can also count the losses of teams in a tournament.
Definition 2.1.5. Each in-degree represents a loss for a team v.

4
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Example 2.1.6. Looking at the graph in F igure 2.1.1 we can count the losses for each team
on the tournament graph. Thus we get d− (K) = 1, d− (M ) = 1, d− (N ) = 3, and d+ (L) = 1.

♦

Recall from Chapter 1 we were able to collect the degrees of the vertices together into what is
called a degree sequence, where the degree sequence is arranged in non-increasing order. Similarly
we can collect the in-degrees and out-degrees into a sequence which are the wins and losses in a
tournament.
+
+
Definition 2.1.7. A Win Sequence S + = (s+
1 , s2 , ..., sn ) are the wins of every team on a
+
+
tournament graph TG written in non-decreasing order s+
1 ≥ s2 ≥ ... ≥ sn . For a vertex vi the
+
number of wins s+
i = d (vi )

4

Figure 2.1.3. Tournament Graph on K5

Example 2.1.8. Looking at the graph in F igure 2.1.3 we can get the win sequence S + for
the tournament graph TG by looking at the number of wins for each team. Thus we get that
S + = (3, 2, 2, 2, 1).

♦

Notice that if we sum the wins in the win sequence of the graph in F igure 2.1.3, we get 10.
The sum of the wins in the graph equals the number of edges in the graph.
Lemma 2.1.9. Let TG be a Tournament Graph on n vertices, If S + is a win sequence then

P +
si = n2 .
Example 2.1.10. In Example 2.1.8 we have the win sequence S + = (3, 2, 2, 2, 1). Thus if we
P +
sum the scores of the sequence we get that
si = 3 + 2 + 2 + 2 + 1 = 10. Now we check to see

14
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n
2



= 10. Since the tournament graph has 5 teams, we get that n = 5. Thus
P +
5(5−1)
20
= 5(4)
si .
2
2 = 2 = 10 =

if

Proof of Lemma 2.1.9. We know that

P

n
2



=

n(n−1)
2

=
♦

s+
i is the sum of all the wins in a tournament graph.

Since there is a win arrow associated with each edge, the sum of all the wins equals the total
number of arrows in the graph. Since there is a arrow on each edge, this means that the number
of arrows equals the number of edges on the tournament graph, where the total amount of edges


P +
in the graph is n2 . Hence
si = n2 .
Similar to the win sequence, we can also arrange the loss into some order.
−
−
Definition 2.1.11. A Lose Sequence S − = (s−
1 , s2 , ..., sn ) are the losses of every player on
−
−
a tournament graph written in non-increasing order where s−
1 ≤ s2 ≤ ... ≤ sn . Where v is a
−
vertex, the losses are determined by the sum of the in-degree d− (v). Where s−
i = d (vi )

4

Example 2.1.12. If we look at the graph in F igure 2.1.3, we can compute the lose sequence
S − for the tournament graph TG by looking at the losses for each team. Thus we get S − =
(1, 2, 2, 2, 3).

♦

Similarly to the sum of the wins, we can sum the number of losses.
Lemma 2.1.13. Let TG be a Tournament Graph, if S − is a lose sequence then

P

s−
i =

n
2



.

Example 2.1.14. Similar to Example 2.1.10 we have the lose sequence of the tournament

P −
graph to be S − = (1, 2, 2, 2, 3). Thus
si = 1 + 2 + 2 + 2 + 3 = 10. Notice that n2 = 10.

P −
Thus it follows that for this tournament graph
si = n2 . Now we will prove that works for
all n.
Proof of Lemma 2.1.13. We know that

♦
P

s−
i is the sum of all the wins in a tournament

graph. Since there is a win arrow associated with each edge, the sum of all the wins equals the
total number of arrows in the graph. Since there is a arrow on each edge, this means that the
number of arrows equals the number of edges on the tournament graph, where the total amount


P −
of edges in the graph is n2 . Hence
si = n2 .

2.1. TOURNAMENT GRAPHS
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Notice that both the sum of the in-degrees and the sum of the out-degrees equal one another.
Lemma 2.1.15.

P

s+
i =

Proof. We know that

P

P

s−
i

d+ (v) =

P

d− (v) by P roposition 1.2.5. By definition we know that

−
+
−
for a vertex vi , the number of wins s+
i = d (vi ). Similarly the number of loss si = d (vi ). Then


P + P −
P +
P −
we have
si =
si . Since we have shown that
si = n2 and
si = n2 . It follows that

P + P −
si =
si = n2
−
Lemma 2.1.16. s+
i + si = n − 1

Proof. We know that d(v) = (d+ (v), d− (v)) and it follows that d+ (v) + d− (v) = n − 1. Since
−
+
−
+
−
s+
i = d (vi ) and si = d (vi ). Therefore it follows that si + si = n − 1.

Now that we have laid the ground work for tournament graphs and proved some basic conjectures. We can now start to place conditions on the tournament graphs and see what else can
be said for tournament graphs on n vertices.
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3
Win/Lose Findings

In this chapter we will gather all the information from Chapter 2 and further explore Tournament
graphs and their win sequences. We will discover and prove other properties that hold for all
tournament graphs on n vertices.

3.1 Tournament Graphs
In this section we will explore specifically tournament graphs on n vertices and other properties
that can be generalized for all tournament graphs. For the purpose of this chapter we value a
win at 1 and a loss at 0. That is how we calculate the score of every team on the tournament
graph.
There exist additional properties for tournaments on graphs. We know with real life tournaments that a team could either win or lose. When paired with other players there exist a
possibility where one team could win all games and one team could lose all games.

Definition 3.1.1. Let TG be a tournament graph on n vertices. We say v is sink when d+ (v) = 0.
Thus the degree of v, d(v) = (d+ (v), d− (v)) = (0, n − 1) and thus d+ (v) = n − 1

4
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Figure 3.1.1. Tournament Graph on K4

Looking at the graph in F igure 3.1.1, we can see that there exist a sink in the graph, N . The
team located in the middle of the tournament graph has edges with in-degrees incident to that
point. Therefore team N loses to all the other teams in the tournament graph.
We now define a concept of winning all games in a tournament graph.
Definition 3.1.2. Let TG be a tournament graph on n vertices. We say v is a source when
d− (v) = 0, and thus d+ (v) = n − 1. thus the degree of v, d(v) = (n − 1, 0).

4

Figure 3.1.2. Tournament Graph on K4

Looking at the graph F igure 3.1.2 we can see that there exist a source in the graph, J. Team
J, located in the middle of the tournament graph, we can see that all the edges incident to J
contribute only to the out-degree of J. Therefore team J won every game against all the other
teams.
Notice that a tournament graph can have both a source and sink, J and H, as in F igure 3.1.2.
Theorem 3.1.3. If TG is a tournament graph on n vertices then TG has at most 1 source if
+
and only if s+
1 = n − 1 and 1 sink if and only if sn = 0.

Proof. Case 1: We will prove that a TG has at most one source if and only if s+
1 = n−1 .
Let v, w ∈ V . Suppose v is a source. It follows that d(v) = ((n − 1), 0). This means that v

3.1. TOURNAMENT GRAPHS
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has an out-degree towards w, v → w. Thus d− (w) ≥ 1, hence w is not a source. Now suppose
+
s+
1 = n − 1, then v1 won a game against every other team in the tournament. Thus v1 = n − 1.

Therefore we can conclude that a tournament graph has at most one source.
Case 2: We will prove that a tournament graph TG has at most one sink if and only if s+
n = 0.
Let v, w ∈ V . Suppose v is a sink. This means that d(v) = (0, (n − 1)). Then v has an in-degree
from w, v ← w where d+ (w) ≥ 1, hence w is not a sink. Now suppose s+
n = 0. This means that
vertex vn lost a games against every team in the tournament. Thus it follows that vn− = n − 1.
Therefore we can conclude that a tournament graph has at most one sink.

We were able to prove that there exists at most 1 sink and 1 source in a tournament graph
with n vertices. Having a sink and a source in a tournament graph are not necessarily exclusive.
The graph in F igure 3.1.2 shows that there exist both a source and sink in a tournament graph.
While the graph in F igure 3.1.1 shows us the possibility of only a sink existing in a tournament
graph. We can visually represent a tournament graph with only a source and without both a
source and a sink.

Figure 3.1.3. Tournament Graph on K4 with a source and no sink

Figure 3.1.4. Tournament Graph on K4 with no source and sink

20
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The graph in F igure 3.2.8 is an example of a tournament graph where there exist a source
with no sink. Team Q will be the source in the tournament graph. The other teams in the graph
tie with a score of 1. The graph in F igure 3.1.4 is an example of a tournament graph where
neither a sink nor a source exist. Teams V and S tie for a score of 2, while teams T and U tie
with a score of 1. Since there is no sink or source, it can be said that this graph represents an
example where none of the teams won all games and loss all games. In fact, if neither a source
nor a sink exist in a tournament graph then there will be a pair of teams where there is a tie.

Figure 3.1.5. Tournament Graph on K5 with no source and sink

The graph in F igure 3.1.5 is an example of a tournament graph where neither a source nor
a sink exists and multiple ties occur. Teams I and K both tie for first place with a score of 3.
Team H has a score of 2, for second place, while teams G and J tie for last place with a score
of 1.
With these examples we can see how various kinds of tournament outcomes can be visually
represented on graphs. Next we will look into the conditions that exist for a tournament graph
to be formed. To do this we will explore win sequences as well as lose sequences and properties
they can generalized for all tournament graphs on n vertices.

3.2 Win Sequence with Win/Lose
In this section we will explore win sequences and lose sequences. Recall from Chapter 2 that in
a tournament graph there is either a winner or loser. For the purpose of the project we say that
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−
+
−
a Win = 1 and a Loss = 0. Therefore it follows that s+
i = d (vi ) for the wins and si = d (vi )

for the loss.
+
+
From Definition 2.1.7 we know that a Win Sequence S + = (s+
1 , s2 ...sn ) is a sequence of wins
+
of every team on a tournament graph written in non-decreasing order, i.e, (s+
1 ≥ ... ≥ sn ) and
+
+
s+
1 , s2 , ..., sn ∈ N ∪ {0}

Figure 3.2.1. Tournament Graph on K5

Example 3.2.1. The graph in F igure 3.2.1 has 5 teams, A, B, C, D, and E. The respective
scores for each team are as follows A = 4, B = 3, C = 2, D = 1, and E = 0. Therefore the win
sequence for our tournament graph ABCDE is (4, 3, 2, 1, 0). Notice that given the values for a
win and loss that there are restrictions on what scores can occur in a win sequence. Observe
that the highest score in our sequence is 4 and the lowest is 0. Recall that every tournament
graph has at most 1 source and 1 sink.

♦

Given that there exist at most 1 source and 1 sink in a tournament graph, that places restrictions on the scores of a win sequence. Notice that other scores in the sequence have similar
conditions as well.
There exists restrictions on the scores in a sequence so that it can be formed. Observing the
previous tournament graphs, we see that there are certain restrictions that allow a win sequence
to be formed that yields a tournament graph. We found a number of restrictions on scores in a
win sequence. Next we will introduce a theorem that states the restrictions on the scores in a
win sequence that produce a tournament graph.
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+
Theorem 3.2.2. Let S + = (s+
1 ...sn ) be a win sequence for a tournament graph TG , where
+
s+
1 ≥ .... ≥ sn then:

1. s1 ≤ n − 1
2. s2 ≤ n − 2
3. s1 , ..., sn−1 > 0
4. sn ≤ b n−1
2 c

P
5.
si = n2
Proof of Theorem 3.2.2. :
+
+
(1). Let TG be a tournament graph with a win sequence S + = (s+
1 , ..., sn ) where v, w ∈ S .

Suppose v is a source, so d(v) = ((n − 1), 0). Since a tournament graph is a connected graph on
n vertices, we know that every team is connected to every other team exactly once. Therefore
that team plays n − 1 teams, so it can win at most n − 1 games. With the condition that a Win
= 1 then we can conclude that s+
1 ≤ n − 1.
(2). Case 1: There exist a source. Let v1 , v2 ∈ V so that s2 = d(v2+ ) and s1 = d(v1+ ). Let v1
be a source in a tournament graph TG . Then s1 = n − 1. Then the d− (v2 ) ≥ 1. Since there
+ +
exist a loss for v2+ , we can say that it will have a maximum score less than s+
1 . Thus d (s2 ) ≤

(n − 1) − 1 = n − 2. We can conclude that s+
2 ≤ n − 2. Case 2: There is no source: If not a source
then s1 <n − 1. This means that s1 ≤ n − 2. Since s2 ≤ s1 that means that s2 ≤ n − 2. We can
conclude that s+
2 ≤n−2
(3). Case 1: There exist a sink. Let v + be a sink in a tournament graph. Then d+ (v) = 0 =
+
s+
n . We know that if v is a sink then it follows that d(v) = (0, n − 1). Let d(w) = sn−1 . Then

there exist an in-degree to v, v ← w for all w ∈ S + such that d+ (w) ≥ 1. Therefore d+ (w) > 0,
hence s+
n−1 > 0. Case 2: There is no sink. If no sink, this means that sn >0 and it follows that
s1 ≥ s2 ≥ ... ≥ sn > 0. Thus si > 0.

n(n−1)
n
s+
. Let sn
i = 2 =
2
P
n
n
> n−1
si ≥ n2 + n2 + ... + n2 =
2 , so sn ≥ 2 . Then s1 , ..., sn ≥ 2 . If we sum the terms we get

P +
2
n( n2 ) = n2 > n(n−1)
. Hence we have a contradiction since we started with
si = n2 = n(n−1)
.
2
2
(4). We will proceed with proof by contradiction. We know that

P
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n−1
Therefore s≤
n b 2 c.

(5). Recall the proof of Lemma 2.1.9 in Chapter 2.
Definition 3.2.3. A sequence is valid if it satisfies T heorem 3.2.2

4

Now we will find all valid sequences n = 2 to 6and show that they are win sequences of
tournament graphs.
If S= (s1 , ..., sn ) where S is arranged in non-decreasing order where si ∈ N ∪ {0}, we will
explore all possible sequences that S could be. We go through this method to construct all valid
sequences. Along with the conditions in T heorem 3.2.2 we will go through cases to find all valid
sequences.
Example 3.2.4. We will compute all valid sequences for n = 4. With the conditions from
T heorem 3.2.2, n = 4 becomes:
1.s1 ≤ 3
2.s2 ≤ 2
3.s1 , s2 , s3 ≥ 0
4. s4 ≤ 1
5. s1 + s2 + s3 + s4 = 6
By conditions 4, we have two cases to check. Case 1 is when s4 = 0 and case 2 sis when s4 = 1.
We proceed with case 1. When s4 = 0 we get a sequence S= s1 ≥ s2 ≥ s3 ≥ 0. Therefore we get
that s1 could be either a 2 or 3, s2 could be 1 or 2, and s3 could be either 1 or 2. We can get the
sequences (3, 2, 1, 0) and (2, 2, 2, 0). Case 2 we get the sequences (3, 1, 1, 1) and (2, 2, 1, 1). The
same process we use to construct all valid sequences.

♦

In fact, these are win sequences with a tournament graph.
Theorem 3.2.5. All the sequences in F igure 3.2.2 are win sequences of tournament graphs.
Proof. The tournament graphs in F igure 3.2.3 and F igure 3.2.4 located after the table of win
sequences shows us that the wins sequences of n = 2, 3, and 4 have tournament graphs. Refer
to the appendix for the tournament graphs of n = 5, 6.
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Given our restrictions on the scores in a win sequence, we can see that every win sequence
can be visually represented by a graph. Therefore we can say that every win sequence in our
table has a tournament graph.
The table in F igure 3.2.2 contains all the win sequences up to n = 6 that have a tournament
graph. Located after the table are the tournament graphs for our win sequences up to n = 4. If
you refer to the appendix you can find the tournament graphs for n = 5 and n = 6.

Figure 3.2.2.

3.2. WIN SEQUENCE WITH WIN/LOSE

25

Figure 3.2.3. Tournament Graphs of the win sequences (1,0),(1,1,1) and (2,1,0). (From Left to Right)

Figure 3.2.4. Tournament Graphs of the win sequences (3,2,1,0), (2,2,2,0), (3,1,1,1), and (2,2,1,1). (From
Left to Right)

In the the table in F igure 3.2.2 there exist special cases of win sequences for different n. Given
the n, there could be a case where all the teams tie with the same score or all the teams tie with
the same score except for 1 team which receives a score of 0.
Example 3.2.6. Let us look at when n is even where n = 2, 4, and 6. We have the following
sequences of the form (1, 0), (2, 2, 2, 0) and (3, 3, 3, 3, 3, 0). Where all the entries are the same or
0. Also notice that when n is odd we have special win sequences. When n = 3 and 5 we have
the following sequences; (1, 1, 1) and (2, 2, 2, 2, 2, ). When n is even there exists a tournament
outcome where all the teams tie for first place and one team is in last place. When n is odd,
there exist a tournament where all teams tie for first place.

♦

We can generalize that special case when n is even.
Lemma 3.2.7. If n is even, then there exist a valid sequence S such that S = ( n2 , n2 , ..., n2 , 0).
Proof. We go through the conditions that make a sequence valid. By conditions 1 and 2 it
follows that

n
2

≤ n − 1 and

n
2

≤ n − 1. By condition 3 we know that

n
n
2 , ..., 2

> 0. Since sn
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= 0, then condition 4 holds. We know for a valid sequence
s1 = s2 = ... = sn−1 =

n
2 .

n
2.

Thus we have S + = ( n2 +

n
2

P

+ ... +

si =

n
2

n
2



. Let n be even and

+ 0) = n2 (n − 1) =

n(n−1)
2

=

Figure 3.2.5. Tournament Graph on K4

The graph in F igure 3.2.5 is an example of a tournament graph where the scores of the win
sequence equals one another and one score is 0. The win sequence of the tournament graph is
(2, 2, 2, 0). Where teams M, L, and K tied with a score of 2, while team N has a score of 0.
Similarly we can generalize that special case when n is odd.
n−1
Lemma 3.2.8. If n is odd, then there exist a Win Sequence S + = ( n−1
2 , ..., 2 )

Proof. Similarly to the proof of Lemma 3.2.7 that conditions 1 − 4 hold for a valid sequence.

P
We know for a valid sequence sequence
si = n2 Therefore we will sum the terms this odd

P
n
n−1
n−1
n−1
sequence,
si =( n−1
2 , 2 , .... 2 ) = 2 (n) = 2 .

Figure 3.2.6. Tournament Graph on K

The graph in F igure 3.2.6 is an example of an odd sequence where all the teams have the
same score. The win sequence of the graph is (2, 2, 2, 2, 2).
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In any tournament we could see all the outcomes that exist on a tournament graph on n
vertices. Now what if we look at the loss of all the teams. Recall Def inition 2.1.11, which states
−
−
that a lose sequence S − = (s−
1 , s2 , ..., sn ) on a tournament graph are the losses of every player
−
−
written in non-increasing order s−
1 ≤ s2 ≤ ... ≤ sn .

Figure 3.2.7. Win/Lose Sequence Table for n = 4

Example 3.2.9. If we take a look at the table in F igure 3.2.7 we were able to compute all the
lose sequences for n = 4. Notice that for the win sequences, (3, 2, 1, 0) and (2, 2, 1, 1) their lose
sequence is the win sequence rearranged in non-increasing order.
The win sequence of (3, 1, 1, 1) has a lose sequence that is different from itself. Taking the
losses of the teams in that tournament will produce a different sequence. The lose sequence for
(3, 1, 1, 1) is (0, 2, 2, 2). We could see that the lose sequence is another win sequence in our table
written in non-increasing.
−
Now we will show how to go from a win sequence to a lose sequence. Recall that s+
i + si =
+
n − 1 then s−
i = n − 1 − si . Let us start with the win sequence (3, 1, 1, 1) and produce its lose
− − −
sequence (s−
1 , s2 , s3 , s4 ). We know that n = 4. Thus it follows that n − 1 = 4 − 1 = 3. Therefore
−
+
+
+
s+
i + si = 3. For our win sequence (3, 1, 1, 1) we can say that s1 = 3, s2 = 1, s3 = 1, and
+
s+
4 = 1. Since we know what n − 1 and si , we can solve for the lose sequence. Thus it follows
−
that s−
1 = (n − 1) − s1 = 3 − 3 = 0. If we do this same method for the rest of the scores in
−
−
the sequence we get the terms of the lose sequence to be s−
2 = 2, s3 = 2, and s4 = 2. If we
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perform this method on the other win sequences we get all the lose sequences in the table in
F igure 3.2.7

♦

We can see that computing the lose sequence of a win sequence in the set will produce another
win sequence in our set written in non-increasing order.
Similarly we can find the lose sequence from looking at a tournament graph. If we have a
tournament graph, if we invert the vertices, i.e, switch the arrows, we can produce the lose
sequence on tournament graphs.

Figure 3.2.8. Tournament Graph on K4

Figure 3.2.9. Tournament Graph on K4

The graph in F igure 3.2.8 represents a tournament with the win sequence (3, 1, 1, 1). The
points of the teams are as follows, Q = 3 and P, R, O = 1. Now if we want to find the lose
sequence of this graph, we will invert the arrows, i.e, flip the direction of the arrow on every
edge into the opposite direction. Hence the graph in F igure 3.2.9 show us the lose sequence
graph of the win sequence (3, 1, 1, 1). In this graph the points of the teams are now different.
Team Q has 0 points. While the scores of teams R, P, O are all 2. Thus we get the lose sequence
(2, 2, 2, 0)
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Definition 3.2.10. Every win sequence is a Dual of another sequence when you compute its
4

lose sequence.

The table in F igure 3.2.7 confirms that every win sequence is a dual of another sequence
when you compute its lose sequence. Notice that some sequences produce a dual of itself. We
can then categorize these sequences.
Definition 3.2.11. A win sequence S + is Self Dual when the lose sequence is the win sequence
4

rearranged in non-increasing order.

Example 3.2.12. If we take a look at the sequences (3, 2, 1, 0) and (2, 2, 1, 1) from the table in
F igure 3.2.7 we know that these win sequences are self dual. Let us take a look at another set
of sequences. For example, when n = 5 we have the win sequences (3, 2, 2, 2, 1) and (4, 3, 2, 1, 0).
Respectively their lose sequences are (1, 2, 2, 2, 3) and (0, 1, 2, 3, 4). Notice that for the win sequences of n = 5 to be self dual that a 2 was present in the middle of the sequence. For the case
of the win sequences when n = 4, for (3, 2, 1, 0) to be self dual, there was a pairing of scores in
the sequence where they sum to n − 1. So for (3, 2, 1, 0), the scores 3 and 0 will pair since 3 + 0
= 3 = n − 1. Similarly the scores 2 and 1 will pair since 2 + 1 = 3 = n − 1.

♦

Thus we can see that there are special conditions to construct self dual sequences when n is
odd or even.
+
+
Theorem 3.2.13. Let S + = (s+
1 , s2 , ..., sk ) be a win sequence.
+
+
1. If n is even, where n = 2k, then S + is self dual when it is of the form (s+
1 , s2 , .., sk , n −
+
+
1 − s+
k , ..., n − 1 − s2 , n − 1 − s1 ).
+ n−1
2. If n is odd, where n = 2k + 1, S + is self dual when it is of the form (s+
1 , ..., sk , 2 , n − 1 −
+
s+
k , ...., n − 1 − s1 ). Where the middle term in the win sequence sk+1 =

n−1
2

+
−
and Sk+1
= Sk+1

Proof. Case 1:
Suppose n is even where n = 2k. Then we have an even win sequence of the form S + =

P +
P +
+
+
+
(s+
si = n2 . We get that
si = s+
1 , ..., sk , n − 1 − sk , .., n − 1 − s1 ). We will show that
1
+
+
+
+
+
+
+ s+
2 + s3 + ... + sk + (2k − 1) − sk +.. + (2k − 1) − s3 + (2k − 1) − s2 + (2k − 1) − s1 =
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k(2k − 1) =

n(n−1)
2

=

n
2



. Now to confirm that it is self dual we will compute the lose sequence

−
−
+
of this wins sequence. Recall that s+
i + si = n − 1 where si = n − 1 − si . Therefore we get
+
+
+
the lose sequence S − = (n − 1 − s+
1 , ..., n − 1 − sk , n − 1 − (n − 1 − sk ), .., n − 1 − (n − 1 − s1 ))
+ +
+
= (n − 1 − s+
1 , ..., n − 1 − sk , sk , .., s1 ). Notice that the terms of the sequence are rearranged in

non-increasing order, therefore an even win sequence of this form is self dual.
Case 2.
Suppose n is odd where n = 2k + 1. Then we have an odd win sequence of the form S + =
+ +
+
(s+
1 , ..., sk , sk+1 , n − 1 − sk , ...., n − 1 − s1 ).
−
+
Now for the case when n is odd we want to check first that s+
k+1 = sk+1 . Given that sk+1 is

the middle term in our odd sequence, we want to make sure that it equals s−
k+1 term in the lose
+
sequence. We know that s−
i = n − 1 − si and sk+1 =

n−1
2 .

Therefore we can say that :

+
s−
k+1 = n − 1 − sk+1

s−
k+1 = n − 1 −

n−1
2

s−
k+1 =

2(n−1)
2

s−
k+1 =

2n−2−n+1
2

s−
k+1 =

n−1
2

−

n−1
2

−
+
+
Thus by hypothesis since s−
i = n − 1 − si we showed that sk = sk . We can conclude that the

middle term must equal the middle term in the lose sequence for the odd win sequence to be
self dual.
Similarly in case 1, we will show that the lose sequence of the odd sequence is its win sequence
in written in non-increasing order. Thus we have the win sequence
+ +
+
+
+ n−1
+
S + = (s+
1 , ..., sk , sk+1 , n − 1 − sk , ...., n − 1 − s1 ) = (s1 , ..., sk , 2 , n − 1 − sk , ...., n − 1 − s1 ).
+ n−1
Thus we have the lose sequence S − = (n − 1 − s+
1 , ..., n − 1 − sk , 2 , n − 1 − (n − 1 − sk ), ...., n −
+
+ n−1 +
+
1 − (n − 1 − s+
1 )) = (n − 1 − s1 , ..., n − 1 − sk , 2 , sk , ...., s1 ). Since the lose sequence is the

win sequence written in non-increasing order, we can say that an odd sequence of this form is
self dual.
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Now we can produce all the self dual win sequences given an n. We will compute all the self
dual sequences up to n = 7. If we take a look at the table in F igure 3.2.10 we can see all the
win sequences that are self dual.

Figure 3.2.10.

Notice that the self dual win sequences in F igure 3.2.10 follow our proven restriction from
T heorem 3.2.13. With all the win sequences that are self dual, we want to see if we can produce
all self dual win sequences with previous win sequences. Now we will run through a couple of
examples to see if we can produce all the self dual win sequences from previous self dual win
sequences.
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We will look at an example from producing self dual win sequences. The first case is going
from when n is an even win sequence to when n is an odd win sequence. The other case is going
from when n is an odd even win sequence to when n is an even win sequence.
Example 3.2.14. Let us take a look at n = 2 going to n = 3. The only self dual sequence for
n = 2 is (1, 0). Proceeding to the self dual sequences of n = 3 we go back to the conditions of a
win sequence that s1 ≤ n − 1. Hence we add another team to the sequence (1, 0) and check all
possible scores for the added team. Thus we get 2/1(1, 0). Now we check to see if we add a team
with a score of 2, will that produce another self dual sequence and if we add a team with score
1, will that produce a self dual sequence. We adding these new scores to the win sequence, we
place that score at the front of the score sequence. This to fulfill the conditions of the sequence
being self dual for odd we must make sure it has the conditions previously stated. So we adjust
the right hand of the sequence to produce the new set of self dual win sequences. Hence from
T heorem 3.2.13 we know the properties for an odd sequence to exist. Thus we get (2, 1, 0) and
(1, 1, 1). Thus we get all the self dual win sequences for n = 3 from n = 2.
Now we check going from an odd case, n = 3 to an even case, n = 4. For n = 3 we have
the win sequences (2, 1, 0) and (1, 1, 1). For both we add team values of either a 3 or 2. Then
we check to see if they will produce self dual sequences for n = 4. Thus with the sequence
(2, 1, 0) with another team added with a value of 3 or 2 we get the sequences (3, 2, 1, 0) and
(2, 2, 1, 1). Similarly with the sequence (1, 1, 1) checking for the values of 3 and 3 we also get
the win sequences (3, 2, 1, 0) and (2, 2, 1, 1). Thus we are able to produce self dual win sequences
from previous self dual win sequences.

♦

Thus it is only a conjecture that we can produce self dual win sequences from previous self
dual win sequences. There was special cases when adjust the right hand side of a win sequences
did not suffice to produce all self dual win sequences. To produce the win sequence (4, 4, 4, 1, 1, 1)
we had to adjust the right hand side of the win sequence (3, 3, 2, 1, 1) to all for that production
of that win sequence. Then we see that the (4, 4, 4, 1, 1, 1) is the only self dual from n = 6 that
will produce the self dual win sequence (5, 5, 5, 3, 1, 1, 1)
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Figure 3.2.11. Production of Self Dual Win Sequences
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4
Future Work

4.1 Win/Lose/Draw
This paper examined Tournament Graphs and their win sequences where only win and loss were
involved. It was found that every tournament graph has a win sequence. Every win sequence has
a lose sequence also that every sequence is a dual of another win sequence in the set. Through
a conjecture not yet proven we were able to show that you are able to produce self dual win
sequences from previous self dual win sequences. This project focused on tournaments where
only win and loss were involved.
Now suppose to we start to model more real life tournament outcomes on graphs. Now suppose
we allow for a draw(tie) to be be an option as an outcome between two teams. We notice that
the tournament graphs for a win sequence that involves a draw is different then when only win
and loss are involve. Here we will introduce draw as an option in the sequence where a W in = 2,
Draw = 1, and Lose = 0. Like real world tournaments in sports, it is now favorable for a team
to draw then lose to earn a point.

Example 4.1.1. We will look at an example of a win/draw sequence where there is multiple
tournament graphs for one sequence. Hence let n = 4 and we will work with the sequence
(5, 3, 2, 2). First let us observe that there are multiple ways to construct the values in the sequence
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now that we have draw as an option. The only way to earn a score of 5 is if a team had 2 wins
and 1 draw. There are two ways for a team to earn a score of 3. A team could have 1 win and 1
draw or 3 draws. For a team to earn a score of 2, they either won once or draw twice. So there
are different combinations of forming scores that yield a tournament graph.

♦

Figure 4.1.1. Win/Lose/Draw Tournament Graph

Figure 4.1.2. Win/Lose/Draw Tournament Graph

Figure 4.1.3. Win/Lose/Draw Tournament Graph

The graphs in F igure 4.1.1,F igure 4.1.2, and F iguire 4.1.3 represents all the tournament
graphs that produce the win sequence (5, 3, 2, 2). Let us observe Team B on the graphs in
F igure 4.1.1 and F iguire 4.1.3. Team B both has as a score of 3 in both graphs. In F igure 4.1.1,
Team B has a win and a draw to earn 3 points, while on the graph in F iguire 4.1.3, team B
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has a draw with all the players in the tournament earning 3 total points. This show that a score
can be represented different possible ways on multiple tournament graphs.
Unlike Win/Lose tournament graphs where there is one tournament graph for win sequence,
there is the possibility of having more than one tournament graph for a win sequence with draws
as an option. Possible areas to further explore:
1. How do the score sequences of the Win/Lose/Draw Tournaments differ from the Win/Lose
Tournaments.
2. Is it possible to find a formula to count all possible n-player tournaments for Win/Lose/Draw
3. Is there anyway to produce all, if any self dual win sequences for Win/Lose/Draw
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5
Appendix

Listed are all the tournament graphs for n = 5 and n = 6.

Figure 5.0.1. Tournament Graphs of the win sequences (4,3,2,1,0),(4,2,2,2,0), and (3,3,3,1,0) (From Left
to Right)

Figure 5.0.2. Tournament Graphs of the win sequences (3,3,2,2,0), (4,3,1,1,1), and (4,2,2,1,1) (From Left
to Right)
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Figure 5.0.3. Tournament Graphs of the win sequences (3,3,2,1,1), (3,2,2,2,1), and (2,2,2,2,2) (From Left
to Right)

Figure 5.0.4. Tournament Graphs of the win sequences (4,4,3,2,1,1) and (4,3,3,2,2,1) (From Left to Right)
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Figure 5.0.5. Tournament Graphs of the win sequences (3,3,3,3,2,1) and (5,2,2,2,2,2) (From Left to Right)

Figure 5.0.6. Tournament Graphs of the win sequences (5,4,4,3,1,0) and (5,4,2,2,2,0) (Top: Left to Right)
and (4,3,3,3,2,0) and (3,3,3,3,3,0) (Bottom: Left to Right)
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Figure 5.0.7. Tournament Graphs of the win sequences (4,3,3,3,1,1) and (4,4,2,2,2,1) (From Left to Right)

Figure 5.0.8. Tournament Graphs of the win sequences (5,3,3,3,1,0) and (5,3,3,2,2,0) (Top: Left to Right)
and (5,4,3,1,1,1) and (5,4,2,2,1,1) (Bottom: Left to Right)
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Figure 5.0.9. Tournament Graphs of the win sequences (4,4,3,3,1,0) and (4,4,4,2,1,0) (Top Row: Left to
Right) and (5,3,3,2,1,1) and (5,3,2,2,2,1) (Bottom Row: Left to Right)

Figure 5.0.10. Tournament Graphs of the win sequences (4,3,2,2,2,2) and (3,3,3,2,2,2) (From Left to
Right)
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Figure 5.0.11. Tournament Graphs of the win sequences (4,4,4,1,1,1) and (4,4,3,2,2,0) (From Left to
Right)
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